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Nomenclature
= coefficient of (in T)3 in Eq. (1)

Dn = parameters for H,s^
= coefficient of (in T)2 in Eq. (1)
= coefficient of (in T) in Eq. (1)
- zeroth-order term of Eq. (1)
= parameter for Afl,;,,7
= temperature, K
= reduced temperature, Eq. (4)
= temperature variable, Eq. (6b)
= parameters for AOn,n
= ir£litl, 77fl2,2, or B*
= parameters for AHII>n
= partial collision integral, A2

= shielding parameter, Bohr
= transport collision integral, A2

= shielded coulomb collision
integral, A2

Introduction

W E have combined the ab initio results of large-scale mo-
lecular structure calculations and measured data to con-

struct accurate potential energy curves1'6 for all of the inter-
actions of the atoms and ions of nitrogen and oxygen. The
proper long-range interaction forces have been included to al-
low the calculation of collision integrals3"6 for a broad range
of temperatures. The scattering phase shifts for the determi-
nation of the transport cross sections were calculated from a
uniform semiclassical approximation3'5 that accounts for the
quantum mechanical effects arising from a potential energy
barrier.

More recently, we have developed computational methods7

to determine the scattering phase shifts from a direct solution
of Schroedinger's equation for low-energy applications in-
volving a light collision partner. For collisions involving a hy-
drogen atom, we have found that corrections to the diffusion
and viscosity collision integrals from a full quantum mechan-
ical treatment of the scattering can be appreciable; e.g., rising
to about 8 and 4%, respectively, as the temperature decreases
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to 100 K. On the other hand, one can conclude from the results
of this study,7 that the corresponding corrections for collision
partners as heavy as the air species of this work would not be
significant, i.e., less than the error introduced by the uncer-
tainty in the calculated potential energy data.

Atom-Atom and Atom-Ion Interactions
To facilitate application of our tabulated results for the col-

lision integrals to the determination of transport properties, we
have constructed analytical approximations. We have chosen a
form used in codes8'9 developed for NASA applications; i.e.,
we adopt the expansion

in X = D + C(in T) + B(tn T)2 + A(in T)3
(D

where X represents the collision integral for diffusion Hu or
viscosity n2,2 (multiplied by TT as in Refs. 8 and 9) in A2 (10~16

cm2), or the quantity B* obtained from10'11

(2)

[In this case, as in Refs. 8 and 9, the last term of Eq. (1) is
not used.] The coefficients A-D have been determined from a
least-squares fit to the calculated data of Refs. 3-5. Values of
coefficients are listed in Tables 1 and 2 for the collision inte-

Table 1 Coefficients of €n(7rftB>Ji) for atom/ion pairs

Pair

N-N

0-0

N-O

N+-N

O+-O

NT-0

O+-N

N-N

0-0

N-O

N+-N

0+-0

N+-0

O+-N

n

\
2
1
2
1
2
1
2
1
2
1
2
1
2

1
2
1
2
1
2
1
2
1
2
1
2
1
2

D

100
7.0962
7.0037
5.2411
5.1694
5.8428
6.0843
8.0674
10.4911
10.7127
13.2224
11.9930
10.1841
9.3839
5.5984

1,000
5.8357
7.2135
9.4075
10.1214
9.3209
10.1745
6.7850
16.4097
6.5348
5.7079
1.2270
3.6578
12.4370
21.4600

C
K < T < 5,000
-1.3024
-1.2278
-0.3636
-0.3399
-0.7601
-0.9288
-1.0579
-2.2835
-2.3235
-3.1600
-2.5881
-1.7557
-1.3148
0.4113

B
K
0.14784
0.14039
0.00247
0.00612
0.07445
0.11270
0.11346
0.27995
0.29455
0.36120
0.28166
0.15359
0.08011

-0.17796

A

-0.006737
-0.006538
0.000232

-0.000151
-0.003545
-0.005863
-0.004534
-0.013210
-0.012993
-0.015395
-0.012171
-0.005525
-0.001514
0.011150

K < T < 30,000 K
-0.9011
-1.2781
-2.0005
-2.1995
-2.0865
-2.3145
-0.5684
-4.4319
-0.5757
-0.4402
1.2238
0.2917

-2.9705
-6.1340

0.10789
0.14276
0.21628
0.23745
0.24250
0.26472
0.05154
0.53728
0.05288
0.03706

-0.16112
-0.04636
0.35528
0.71601

-0.005544
-0.006464
-0.009051
-0.009691
-0.010620
-0.011223
-0.001936
-0.023378
-0.001950
-0.002682
0.004677
0.000269

-0.015950
-0.029254
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Table 2 Coefficients
for atom/ion pairs

Table 3 Parameters of Eqs. (5)
for 0£

Pair

N-N
0-0
N-O
N+-N
0+-0
IsT-O
O+-N

N-N
O-O
N-O
N+-N
0+-0
N+-O
O+-N

D
100 K <
0.8161
0.1772
0.8181
0.4232
0.5151
1.1022
1.2316

1,000 K <
0.3210
1.1642
0.9845
0.1023
0.2386

-1.3866
-1.3265

C
T < 5,000 K

-0.2064
0.0004

-0.2088
-0.0899
-0.1208
-0.2794
-0.3061

T < 30,000 K
-0.0595
-0.2390
-0.2089
-0.0102
-0.0432

0.3625
0.3249

B

0.01532
-0.00027

0.01557
0.00562
0.00794
0.02116
0.02189

0.00488
0.01430
0.01326
0.00072
0.00260

-0.01999
-0.01657

grals and 5*, respectively. The fit to the calculated collision
integrals is accurate to within about 1%.

Corresponding fits to other quantities11 A*—K*, that are ob-
tained from the collision integrals and are needed to determine
transport coefficients to second order, are available from the
authors on request.

Ion-Ion Interactions
We have investigated6 the correction to the shielded cou-

lomb collision integrals arising from the application of realistic
potential energy curves (that are found to be considerably dif-
ferent than coulomb interactions at small separation distances6)
for the interaction of the ions of nitrogen and oxygen. We have
found that this correction can be significant at higher temper-
atures and pressures.

We have also developed analytical approximations for the
ion-ion collision integrals; for convenience, we include these
results here. The diffusion and viscosity collision integrals are
obtained from the sum

a,,, = (3)

where H^7, is the shielded coulomb collision integral and AiX,*
is the correction resulting from the deviations of the calculated
potential energies from a coulomb potential energy. Using the
reduced temperature

T* = a\T (4)

where a is 3.167 X 1CT6, and H^n can be obtained in A2 from
the following expressions:

For small T* (0.01 < T* < 4):

= -An - BnT*b" tn

For large T* (7* > 4):

(5a)

(5b)

The values of the parameters are listed in Table 3. We have
found6 that the values of fl;s7c/> fr°m relations in Eq. (5) agree
with the calculated results to within about 1%. For high-tem-
perature applications (log T ^ 4.5), Ai\,? can be obtained in
A2 from

- Un(X~l - 0.05)(f - un) (6a)

Table 4

Pair

N+-N+

0+-0+

N+-0+

n

1
2

n

1
2

A Bn

o.oi < r* < 4
2.671 1.165
2.375 1.188

cn cn

r* > 4
0.138 0.0106
0.157 0.0274

Parameters

n

1
2
1
2
1
2

logT;

4.2
4.3
4.2
4.3
4.4
4.5

of Eqs. (6)

Yn

log T>
-0.154
-0.270
-0.088
-0.146
-0.036
-0.097

for Aftw,M

w.
4.5

0.653
0.848
0.728
0.939
0.898
1.278

bn

0.0860
0.0928

Dn

0.765
1.235

for ion

wn

0.86
1.58
1.24
2.14
0.95
1.83

-ion pairs

un

1.10
0.95
1.05
0.90
0.90
0.75

Un

1.2
1.6
1.8
2.2
0.6
0.6

where

t = log T - log Tn (6b)

The values of the parameters are listed in Table 4 for the var-
ious ion—ion interactions.

Acknowledgment
Support to Eugene Levin provided by Contract NAS2-14031

from NASA to the Eloret Corporation is gratefully acknowl-
edged.

References
Stallcop, J. R., and Partridge, H., "N+-N Long-Range Interaction

Energies and Resonance Charge Exchange," Physical Review A, Gen-
eral Physics, Vol. 32, No. 1, 1985, pp. 639-642.

Cartridge, H., and Stallcop, J. R., "N+-N and O+-O Interaction
Energies, Dipole Transition Moments, and Transport Cross Sections,"
Thermophysical Aspects of Re-Entry Flows, edited by J. N. Moss and
C. D. Scott, Vol. 103, Progress in Astronautics and Aeronautics,
AIAA, New York, 1986, pp. 243-260.

3Levin, E., Partridge, H., and Stallcop, J. R., "Collision Integrals
and High Temperature Transport Properties for N-N, O-O, and N-O,"
Journal of Thermophysics and Heat Transfer, Vol. 4, No. 4, 1990, pp.
469-477.

4Partridge, H., Stallcop, J. R., and Levin, E., "Transport Cross Sec-
tions and Collision Integrals for N(4S°)-O+(4S°) and N+(3P)-O(3P) In-
teractions," Chemical Physics Letters, Vol. 184, No. 5, 1991, pp.
505-512.

5Stallcop, J. R., Partridge, H., and Levin, E., "Resonance Charge
Transfer, Transport Cross Sections, and Collision Integrals for N+(3P)-
N(4S°) and O+(4S°)-O(3P) Interactions," Journal of Chemical Physics,
Vol. 95, No. 4, 1991, pp. 6429-6439.

6Stallcop, J. R., Partridge, H., and Levin, E., "Collision Integrals
for the Interaction of the Ions of Nitrogen and Oxygen in a Plasma
at High Temperatures and Pressures," Physics of Fluids B, Plasma
Physics, Vol. 4, No. 2, 1992, pp. 386-391.

7Levin, E., Schwenke, D. W., Stallcop, J. R., and Partridge, H.,
"Comparison of Semiclassical and Quantum Mechanical Methods for
the Determination of Transport Cross Sections," Chemical Physics
Letters, Vol. 227, 1994, pp. 669-675.

8Gupta, R. N., Yos, J. M., Thompson, R. A., and Lee, K., "A
Review of Reaction Rates and Thermodynamic and Transport Prop-
erties for an 11-Species Air Model for Chemical and Thermal Non-
equilibrium Calculations to 30000 K," NASA RP-1232, Aug. 1990.

9Gupta, R. N., Lee, K., Thompson, R. A., and Yos, J. M., "Cal-
culations and Curve Fits of Thermodynamic and Transport Properties
for Equilibrium Air to 30000 K," NASA RP-1260, Oct. 1991.



J. THERMOPHYSICS, VOL. 10, NO. 4: TECHNICAL NOTES 699

10Hirschfelder, J. O., Curtiss, C. E, and Bird, R. B., Molecular
Theory of Gases and Liquids, Wiley-Interscience, New York, 1964,
p. 528.

HMaitland, G. C., Rigby, M, Smith, E. B., and Wakeham, W. A.,
Intermolecular Forces. Their Origin and Determination, Oxford Univ.
Press, Oxford, England, UK, 1981, p. 325.

Matching Solutions for Unsteady
Conduction in Simple Bodies

with Surface Heat Fluxes

Antonio Campo*
Idaho State University, Pocatello, Idaho 83209

and
Abraham Salazarf

University of Kentucky, Lexington, Kentucky 40506

Nomenclature
= thermal conductivity
= slab semithickness or radius of cylinder and sphere
= uniform surface heat flux
= temperature
= temporal variable

k
L
qs
T
t
X, X' — dimensionless x, x'; x/L, x'/L
x = space variable measured from the center
x' = space variable measured from the surface,

x + x' = L
a = thermal diffusivity
T = dimensionless t, at/L2

<f) = dimensionless T, k(T — T^)lqsL

Introduction

A MONG the arsenal of analytical methods of solution for
the treatment of unsteady state heat conduction in simple

coordinate systems, the method of separation of variables is
by far the most commonly adopted in literature on conduction
heat transfer. However, its step-by-step implementation pre-
sents inconveniences on some occasions, especially when the
partial differential equation and/or the boundary conditions in-
volve nonhomogeneities. Under these circumstances utilization
of other solution techniques are more appropriate and some-
times become indispensable. In principle, the method of sep-
aration of variables leads to an exact infinite series that is con-
veniently simplified to an approximate one-term of series
solution for practical applications. The latter provides the so-
called long-time solution and serves to generate different ver-
sions of temperature-time charts that are applicable to the
cooling of simple bodies with convective surfaces.

The central objective of the present study is twofold. First,
to establish a definite region of validity of the venerable one-
term of series solution for simple bodies exposed to a uniform
surface heat flux. Second, to supplement this simplified solu-
tion with an optional technique having physical roots, i.e., the
semi-infinite body solution. The latter, supposedly may permit
a faster and more precise calculation for the temperature re-
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sponse of simple bodies for short times. Evaluation of the com-
pact semi-infinite body solution involving one or two terms
only may be carried out by hand. To the author's knowledge
the literature does not contain information pertinent to the pre-
viously cited objectives.

Mathematical Formulation
At t = 0, qs is suddenly applied at the surface x - L of a

simple body (slab, cylinder, sphere) with constant thermo-
physical properties. These bodies possess a uniform tempera-
ture Tt for t < 0. The one-dimensional, transient heat conduc-
tion equation, along with the initial and boundary conditions,
are

dr '
d2cf>
~dX2 x sx (i)

where the parameter c becomes 0 (slab), 1 (cylinder), and 2
(sphere).

4>(X, 0) = 0

dX
(1, T) = 1

(2a)

(2b)

(2c)

Method of Separation of Variables
This method constitutes the baseline solution. As is custom-

arily done, the superposition of functions

T) = + /2(X) (3)

can eliminate the ensuing difficulty arising from the nonho-
mogeneous boundary condition of Eq. (2c). Thus, the series
solutions, 4>(X, r), and the characteristic values IJL,, are found
in Luikov1:

Slab:

,-M»T

(4)
- .H--5 ;-*|-

where jjin = mr, n = 1, 2, 3 . . .
Cylinder:

, r) = 2r - (1 - 2X2) -

> n = 1, 2, 3

-H,J

(5)

where
Sphere:

<«X, r) = 3r - - X2
-22

1
jJin COS

(6)

where tan jjin = imn, n = 1, 2, 3 . . .
It is widely known that the pressing characteristic of the

preceding infinite series is that they tend to converge rapidly
for long times. The mere presence of only one term in the
series suffices to produce acceptable results. On the contrary,
these infinite series show severe divergence patterns for short
times even when many terms are present. The behavior be-
comes so abnormal that the numerical evaluation of the one-
term of series solution does not meet the initial condition [Eq.
(2a)]. In fact, for very short times the local temperatures con-
sistently overpredict the initial condition in contraposition with


